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QUANTUM MECHANICAL STUDY OF MOLECULES 

Electronic S ta t e s  of Diatomic Molecules 

by Roop C. Sahni 

This paper, following a br ie f  introduction, i s  divided i n t o  four 
parts. 

the ground, ionized and excited states of molecules. Pa r t  I1 gives a 

br ie f  summary of the  in te rac t ion  in tegra ls  and t h e i r  tabulation. 

out l ines  an a u t o m t i c  program designed f o r  the  computation of various 

states of molecules. gives examples of the study of ground, 

ionized and excited states of CO, BH and Ngmolecules where the programs 

of automatic computation and molecular in tegra ls  have been u t i l i zed .  

Par t  I out l ines  the theory of the  molecular o r b i t a l  method for 

Part 111 

Par t  I V  

INTRODUCTION 

Since molecules are b u i l t  from two or more atoms, it is  obvious 

that an understanding of the  e lec t ronic  states of molecules must be 

b u i l t  upon a p r io r  knowledge of the  electronic  states of atoms. 

J u s t  as each energy l e v e l  of an atom corresponds t o  a ce r t a in  

e lectronic  configuration, s imi la r ly  molecular spectra, a r e  analyzed in to  

levels ,  each of which is  analogous t o  an electronic  l e v e l  i n  an atom. 

With each e lec t ronic  l e v e l  i s  associated a group of neighboring leve ls  

which a r e  a t t r i b u t e d  t o  the  quantized vibrat ion of the  molecule. 

each vibrat ion l e v e l  has associated with it a group of l eve l s  due t o  the  

quantized ro ta t ion  of the molecule with the s a m e  e lec t ronic  configuration 

and the  same energy vibration. 

vibrat ional ,  and ro t a t iona l  l eve l s  may, t o  a f irst  approxbmtion, be 

considered separately and t h e i r  respective contributions t o  the  energy 

a r e  t o  t h i s  approximation additive,  thus: 

Again 

Theory ( r e f .  1) shows that the electronic ,  

e lec  . + Evib. E = E  + Erot .  
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Since the  knowledge of e lec t ronic  l eve l s  forms the  basis f o r  

understanding of spectra and the s t ruc tu re  of molecules, we shall, 

therefore,  i n  this  paper discuss the  e lec t ronic  l eve l s  ( s t a t e s  or  

wave functions) of molecules and w i l l  ou t l ine  a procedure f o r  t h e i r  

a u t o m t i c  computation on the e lec t ronic  machine. 

This invest igat ion was conducted a t  New York University under 

the  sponsorship and with the  f inanc ia l  support of the  National 

Aeronautics and Space Administration. 
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SYMBOLS 

t o t a l  s t a t e  function 

s ingle  e lectron function 

energy of t he  i t h  e lectron 

the  po ten t i a l  energy of t h e  i t h  e lectron i n  the  f i e l d  of 

nuclei  alone 

volume element of j t h  e lectron f o r  volume integrat ion 

summation over a l l  values of j = 1, 2 ... n except j = i 

Iaplacian operator 

molecular o r b i t a l s  

l i n e a r  combination of atomic o r b i t a l s  

permutation operator 

the  complete many-electron Hamiltonian 

bare nuclear f i e l d  Hamiltonian operator 

Coulomb operator 

exchange operator 

e lectron with a sp in  

electron with f3 spin 

2 



P 

cY6€ p 
J 

II., p ' ,  p" 

x, X' , X" 

1 2  r 

R 

atomic o r b i t a l s  

variable going from 0 t o  0 

variable going from 0 t o  1 

aux i l i a ry  functions used i n  expressing overlap, Coulomb, 

and hybrid in tegra ls  

aux i l i a ry  functions f o r  expressing exchange in tegra ls  

o r b i t a l  exponents or  screening constants f o r  x, x', 
and X" atomic o rb i t a l s ,  respectively 

atoms 

an atomic o r b i t a l  

atomic o r b i t a l  f o r  i t h  e lectron of atom denoted by subscript  

d i f f e ren t  atomic o rb i t a l s  on atom denoted by subscr ipt  

dis tance between electrons 1 and 2 

internuclear  distance,  atomic un i t s  

undetermined coeff ic ients ,  a ' s  

Hermitian conjugpte of the  vector ci 
matrices defined by equations(40) and (41) 

un i t  matrix 

3 + 3 ~ -  excited states of N~ 3flg? 3nu, zu U 

ionized states of N2 
2 

ug, so, tg, molecular o r b i t a l s  of symmetry f o r  t he  ground state 
of CO molecule 

- 
n 3 l  molecular o r b i t a l s  of fl symmetry 

c r l , ~ 2 , ~ 3 , ~  

x' x 
* molecular o r b i t a l s  of D symmetry of BH molecule 
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symmetry o r b i t a l s  of N2 molecule 

defined i n  Table V I 1  

B Is, c7 2s, og2p 

B U Is, ou2s, ou2p 

g g 

LCAO SCF MO Theory abbreviation f o r  "Linear combination of atomic 

o r b i t a l s  self-consis tent  f i e l d  molecular o r b i t a l  

theory" 

I - MOLECULAR ORBITAL THEORY 

The One-Electron Approximtion 

The calculat ion of the  e lec t ronic  wave functions of atoms and 

molecules w i t h  more than two electrons,  i s  based on the Hartree Model 

of the  atom, which gives an approx-te value of the  t o t a l  s t a t e  

function obtained by the product of n one-electron functions 

Jl's. Thus 

Hartree (ref. 2) suggested on the  bas i s  of p l a u s i b i l i t y  that  each 

one-electron function Jl i n  equation (1) should s a t i s f y  a one-electron 

Schrodinger equation, i n  which the po ten t i a l  includes a term t h a t  takes 

i n t o  account t he  Coulomb f i e l d  of the other e lectrons as w e l l  as the  

f i e l d  a r i s i n g  from nuclei .  

s t a t i c  po ten t i a l  of the n-1 normalized charge d i s t r ibu t ions  e 

He chose t h i s  term as the  c l a s s i c a l  e lec t ro-  
2 2  

Hence h i s  equations f o r  $? a r e  
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1 1 1  

energy value of the i t h  electron, 

where r denotes the  space co-ordinates (x,, y, , z, ) of the i t h  electron, 1 

E is  the i 

v is the 

nuclei  
i 

dT. i s  the 

f i s  the 

J 

-k2  - A .  is  the 2 a 1  

po ten t i a l  energy of the i t h  electron i n  the  f i e l d  of 

alone, 

volume element 

summation over 

k ine t i c  e n e r a  

of j t h  e lectron for volume integration, 

a l l  values of j = 1, 2 ... n except when 

operator of the i t h  electron. 

Equations (2) have been fur ther  modified by Fock (ref. 3) so as t o  

include exchange terms, and a r e  now known as Hartree-Fock equations 

i n  which = E 
ii i '  

The general procedure f o r  solving Hartree-Fock equations i s  one 

of t r ia l  and error .  

f o r  the required E ' S  and 6 ' s  and compres the  resu l t ing  '#'s w i t h  the  

assumed ones. 

One assumes a s e t  of 6 's ,  solves the  equations 

Guided by th i s  comparison a new s e t  of 6 ' s  i s  chosen and 

the procedure is repeated. 

assumed and calculated $ 's  agree. 

equations (3) i s  ca l led  the Hartree-Fock self-consis tent  f i e l d  method. 

This process i s  then continued u n t i l  the  

This i t e r a t i v e  method of solving 

5 



For atoms, the  problem of solving Hartree-Fock equations i s  

great ly  simplified by the  cent ra l  symmetry. For molecules because 

of the  absence of cen t r a l  symmetq the numerical solut ion of these 

equations is a very d i f f i c u l t  problem. This d i f f i c u l t y  is  overcome 

by using the molecular o r b i t a l  approximtion, described i n  the next 

section. 

Molecular Orbital  Approximtt ion 

The M 0 approx-tion is essent ia l ly  an extension of the Bohr 

theory of e lectron configurations from atoms t o  molecules. Each 

electron is assigned t o  a one-electron Wave function, or molecular 

orb i ta l ,  which is  the  quantum mechanical analogue of an electron orb i t .  

Molecular o r b i t a l s  (MO) a r e  generally b u i l t  up as l inea r  combinations 

of atomic o r b i t a l s  (LCAO) . 
The molecular o r b i t a l  approximtion, based on a single-determinantal 

wave function f o r  the ground s t a t e  of molecules having doubly occupied 

orb i ta l s ,  has been applied t o  molecules, on the l i n e s  similar t o  

Hartree-Fock treatment f o r  atoms, by a number of workers ( r e f s .  4 t o  6) .  

Lennard-Jones ( r e f .  7) has a l s o  considered a determinantal wave function 

i n  which molecular o rb i t a l s  $,, $, ... 4 

electrons of opposite (a and p) spins and '! p+l, $p+2 ... '! 
one electron (of a or f5 sp in) .  

a r e  associated with two 
P 

with only 
P+9 

Such a wave function can be wri t ten 
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I 

where runs over the (%+q) I permutations of the  (2p+q) variables 

and (-l)p is the  p a r i t y  of the pth permutation. Considering a l l  the 

4 functions as orthogonal, he has a l s o  deduced a s e t  of d i f f e r e n t i a l  

equations for t h e i r  optimum forms. 

spins can be wri t ten 

P 

These equations f o r  the paired 

where H, J and K a r e  the bare-nuclear f i e l d  Hamiltonian operator, 

Coulomb operator and Exchange operator, respectively.  

bY 

- -  - 
i s  defined 

and the  Coulomb operatorJ i  and the Exchange operator -Ki a r e  defined 

bY 

and 

s o  t h a t  they can be expressed as one-electron in tegra ls  involving the 

operators J and,Ki. -i 

Equations ( 5 )  do not define the o rb i t a l s  uniquely so tha t  the 

motion of the  electrons can be described with equal accuracy using 

several  types of o rb i t a l s .  One possible type is the  molecular o r b i t a l  

7 



descr ipt ion which i s  defined by the  condition that  

Em = 0, m f n  b 

From t h i s  de f in i t i on  it can be proved that each molecular o r b i t a l  

belongs t o  one or the  other of the i r reducible  representations of the 

symmetry group of the  molecule. This means that they cannot be loca l -  

ized i n  a cer ta in  pa r t  of the molecule, but a r e  spread throughout it. 

Extended Molecular Orbi ta l  Equations 

The wave function given i n  equation (4) i s  not the most general 

form of a s ingle  determinant wave function. 

(Na) i s  not equal t o  the number of B electrons (N ), it can be shown 

If the number of a electrons 

B 
( r e f s .  8 and 9) that  there  i s  no 5 p r i o r i  reason why any of the o rb i t a l s  

containing a electrons should be iden t i ca l  with any of the r e s t .  In 

the most general form we m y  introduce N + N molecular orb i ta l s ,  a l l  

of which m y  be varied independently i n  the  Ritz var ia t iona l  process. 
a B  

This wave function can be wri t ten as 

In  addi t ion t o  being more general than equation (k) ,  the  wave 

equation (9)  has the addi t iona l  advantage of simplifying the var ia t iona l  

problem. 

we may take the  a orb i t a l s  t o  be an orthogonal se t ;  

By carrying out l i nea r  transformation within the determinant, 

the same appl ies  t o  

a 



the  f3 orbi ta l s .  However, there is  no need for any of the  a! o r b i t a l s  

t o  be orthogonal t o  any of the  p orb i t a l s ,  since the complete one- 

e lectron functions are orthogonal on account of spin. 

The t o t a l  e lectronic  energy for such a wave function i s  given by 

the formula 

where H, t he  complete many electron Hamiltonian i s  

H. i s  the Hamiltonian operator for the i t h  electron i n  the f i e l d  of 

the  nuclei  alone. 

1 

For the wave function of equation (9)  w e  k v e ,  therefore,  

whereHis t o t a l l y  symmetrical i n  a l l  i t s  variables.  

permutations i n  equation (12) lead t o  vanishing terms on account of 

orthogonality. The only ones that do not vanish a r e  the  iden t i ca l  

permutation and a l l  s ing le  permutations of the  s a m e  spin.  

t o  the following expression f o r  t he  energy E 

Most of the  

These lead 

E 1 Hi + 3 
i 

1 
Jij - 3 

a! 

'Z i 

a! 

+ 
B B c 1 Ki j  
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a B 
Here and indicate  summation over su f f ixes  co r re spnd ing  t o  

1 i 

molecular o r b i t a l s  Jli that  a r e  occupied by (3 and B electrons,respect- 

a+B 
is  used f o r  summation over a l l  o r b i t a l s . ,  c ive ly  . 

1 

If we are dealing w i t h  a close s h e l l  ground s t a t e  i n  which the  

two s e t s  of o r b i t a l s  a r e  ident ical ,  the energy expression i n  equation 

(13) reduces t o  the usual form 

E = 2 F H i  + 1 (Zij - Ki j )  I( 

i i, 3 

LCAO Self -Consistent Field O r b i t a l s  

I n  the LCAO MO method a l l  the electrons of the molecule a r e  

represented by l i n e a r  combinations of atomic o r b i t a l s .  

+ i = C aipxp 
P 

where i specif ies  t he  MO's, $, 

p spec i f i e s  t he  atomic o r b i t a l s ,  x, and 

a 

Equation (15) can be wri t ten i n  the matrix notation as 

spec i f i e s  the undetermined coeff ic ients ,  a's. 
i P  

The condition that  the  M O ' s  be orthogonal then reduces t o  

n 

where the elements of the overlap matrix - S are defined by 

n 

10 



and i s  the Hermitian conjugate of the vector gi. 

If we wr i te  the terms i n  the energy expression of equation (13) i n  

the m t r i X  form 

= z; J.  %i = a? gi a Si j 3 3 d’ 

sij = a? K. a = a? I& sj, -1 -J -i -J 

and vary the  coeff ic ients  zi by an amount hi, the resu l t ing  var ia t ion  

i n  E i s  found t o  be 

as 

where 2, e, $ the  t o t a l  coulomb and exchange m t r i c e s  a r e  defined 

a+ 
J =  - L J .  -1 

i 

a 6 

i: i 

%i is  subject  t o  the orthonormality r e s t r i c t i o n  i n  equation (17) 

Ea,? S aj + S T  S 6a = 0 .  (i, j i n  same set)  -1 - - - j  

Multiplying equation (22) by Lagrangian mul t ip l ie rs  -Ej i  and adding t o  

equation (20) w e  obtain the minimization condition 

11 
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a a B B 

From equation (23) w e  conclude 

e i t h e r  (5  + J - e)%i - - - 

according as Y be associated i 

+ Complex C o n j u e t e  = 0 . 
t h a t  t he  coe f f i c i en t s  zi must s a t i s f y  
a 

with a or p electrons.  We can f u r t h e r  

diagonalize t h e  m t r i c e s  E j i  by the or thonorml transformation of the 

o r b i t a l s  reducing equations (24) and (25) respect ively t o  

( H  + J - e) a? = s a? 
i - -1 -1 - -  

and 

The elements of the matrices g, J - and fl - Or @ are defined by 

H = JT HX dT 
'PQ Q -  Q 

Though equations (26) and (27) describe two straight forward eigen- 

value problems, t h e  calculat ion of the elements of matrix L J, which i s  

12 



common t o  both, involves the gi coef f ic ien ts  which a re  assumed f o r  the 

f irst  cycle but f o r  the subsequent cycles they have t o  be obtained from 

the solut ion of both the eigen-value problems. The equations a re ,  there- 

fore ,  bes t  solved by a cycl ic  process: 

1. t o  begin with, values of a .  are assumed consistent with the ortho- 
-1 

normality condition of equation (17) , 
these a. a r e  used t o  calculate  the  m t r i c e s  J, K? and 8, 2. 

3. the determinants equation (29) of secular equations (26) and (27)  

- -  - -1 

a r e  solved f o r  n lowest roo ts  E and f o r  t h e i r  coef f ic ien ts  i 
a? and zi, B 
-1 

Fa and 5@ a re  defined by - - 
fl = H + J - f '  - - - -  

and 

4. the  new coef f ic ien ts  %: and zi, B thus obtained, are used t o  calculate  

matrices J, If, 

is  at ta ined;  

n th  cycle are i n  agreement with those obtained from the  (n-1) th  cycle, 

and the process i s  repeated till self-consistency 

that is, the coef f ic ien ts  5: and a? obtained from the 
-1 

within predetermined l imi t s .  

After  the  self -consistency is obtained, the  eigenvectors  EL^ of 

the secular  eqmt ions  give the LCAO MO's and the  eigen-values E the  

v e r t i c a l  ionizat ion poten t ia l s .  

i 

We s h a l l  describe i n  the  following sect ion the  computation of 

atomic and molecular i n t eg ra l s  required i n  t h e  ca lcu la t ion  of S, J 

and E matrices. 

- -  

1 3  
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I1 - ATOMIC AND MOLECULAR INTEGMLS 

Tables of Molecular In t eg ra l s  

A va r i e ty  of physical  properties of molecules such as energies, 

p o l a r i z a b i l i t i e s ,  s u s c e p t i b i l i t i e s ,  and t r a n s i t i o n  moments can be ca l -  

culated by use of quantum mechanics from the knowledge of molecular wave 

functions. n?e calculat ion of these functions by any of the  standard 

methods, such as valence bond or molecular o r b i t a l ,  involves t h e  ca l -  

culat ion of molecular i n t eg ra l s  which i s  extremely tedious and requires 

considerable m t h e m t i c a l  understanding. Unti l  recent ly  only approxi- 

mate methods were used t o  evaluate these integrals ;  however, progress 

has been made i n  the past few years i n  t h e  evaluation of the basic  in t e -  

grals. Numerical values of some of fnese in t eg ra l s  have been tabulated 

by some investigators;  (ref.10) however, the avai lable  values a r e  not 

s u f f i c i e n t  t o  provide a l l  t he  i n t e g r a l s  required i n  the calculat ion of 

molecular wave functions. 

It has, therefore,  been considered worth while t o  study a number of 

these in t eg ra l s  and tabulate t h e i r  values. In  carrying out these com- 

putations a number of f a c t o r s  were considered and material tabulated fo r :  

(1) In t eg ra l s  which contain a l l  the in t e rac t ion  i n t e g r a l s  a r i s i n g  

i n  the calculat ion of the propert ies  of diatomic molecules containing 

electrons of Is, 2s, and 2p atomic o r b i t a l s .  

( 2 )  In t eg ra l s  or t h e i r  auxiliary functions as functions of one o r  

two var iables  over wide ranges of internuclear  distance.  

(3) In t eg ra l s  which a r e  functions of more than two var iables  which 

have been expressed as a l i n e a r  combination of aux i l i a ry  functions of 

two variables p and 7.  The values of 7 m y  range from 0 t o  1, and 

a l l  the  required values a t  su i t ab le  in t e rva l s  are tabulated,  w h i l e  t he  

values of p m y  range from 0 t o  m. The upper l i m i t  of the  values of 

p is chosen t o  have in t eg ra l s  f o r  values of t he  internuclear  dis tance 

even beyond the dissociat ion distance.  

Tables which contain one-center one -electron and two-center two-electron 

in t eg ra l s  have been prepared automatically on an e l ec t ron ic  comDuter. The 

14 



monocenter i n t eg ra l s  involving Is, 2s, and 2p atomic o r b i t a l s  a r e  
spec ia l  cases of two-center i n t eg ra l s  for 
obtained from these tables .  

p = 0 and can a l s o  be 

The t ab le s  of i n t eg ra l s  a r e  divided i n t o  four par t s  and w i l l  

appear i n  s i x  volumes (refs. 11, 1 2  and 13) 
Volume 1 (designated as p a r t  I) contains two-center two-electron 

and monocenter one-electron-integrals. 

Volume 2 (designated as Fa,rt 11) contains two-center two-electron 

and monocenter two-electron Coulomb in t eg ra l s .  

Volumes 3,4 and 5 (designated as Parts I11 (a), I11 (b) and I11 ( c )  

contain CY6' (p,') CY6€ (p,') and CY'€ (p#)  auxi l iary functions of the  
a@ -a B -2 B 

hybrid in t eg ra l s .  

Volume 6 (designated a t  Pa r t  I V )  contains some exchange in t eg ra l s  
V V and the aux i l i a ry  functions, WT and GT, required f o r  the computation of 

exchange in t eg ra l s .  

A photographic copy from Table I (b) i s  included t o  acquaint the 

readers with t h e  type of i n f o r m t i o n  contained i n  each t ab le .  

Choice of Atomic Orbitals 

For the  Computation of t he  d i f f e r e n t  types of i n t eg ra l s  given below, 

Slater-type atomic o r b i t a l s  (AO's) were used f o r  the computations. 

quantum numbers n= l  and 2 the  normalized S l a t e r  AO' s  a r e  (ref.  14) 

For 

"i ' P Y  

cos 8 

sin 8 cos fl 

= (IL5/lr) I / ~ ~ ~ - I L ~  

15 



where the effect ive charge M is a rb i t r a ry .  

Types  of Integrals  

The following types of i n t eg ra l s  or t h e i r  aux i l i a ry  functions a re  

tabulated i n  Par ts  I, 11, 111, and IV (refs. 12 and 13). 

Xa, Xa, Xa are used for t he  various atomic o r b i t a l s  on atom a and, 

s imilar ly ,  t h e  notations a r e  used f o r  t he  various atomic 

o r b i t a l s  on atom b. 

The notations 
1 11 

1 11 

xb, Xb, Xb 

Overlap in t eg ra l s :  

n 

Potential-energy integrals :  

Kinetic e n e r g y  in t eg ra l s  : 

Coulomb i n t e g r a l s  : 

16 



Hybrid integrals :  

Exchange in t eg ra l s  : 

I11 - PROGRAMS FOR COMPUTING WAVE FUNCTIONS 

The programs which compute the atomic and molecular i n t eg ra l s  f o r  the 

t ab le s  of i n t eg ra l s  were l a t e r  incorporated i n t o  a s ingle  program. This 

program uses as input data t he  screening constants of t he  d i f f e ren t  atomic 

o r b i t a l s  and t h e  internuclear  distance R, and computes a l l  of the required 

in t eg ra l s  i n  a s ing le  run. The program a l s o  computes the  m t r i c e s  S and H 

and arranges t h e  coulomb and exchange in t eg ra l s  (J i j  

for mult ipl icat ion with the coe f f i c i en t s  a 
8 . The program was then incorporated i n t o  two master programs A and B 

described below f o r  ca l cu la t ing  LCAO M O ' s  and t h e i r  associated energies.  

- - 
and Ki j ,  respect ively)  

t o  generate the m t r i c e s  GO1 and i - 
- 

The two e s s e n t i a l  stages (ref. 15) i n  t he  calculat ion of t he  X A O  M O ' s  

and t h e i r  associated energies are the  calculat ion of the matrices 

f , and the solut ion of a r e l a t ed  eigenvalue-eigenvector problem. 

and - 

It was not found possible t o  construct a program, which could cover 
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both these s tages  of computation i n  a s ing le  run, because of the limita- 

t i o n  of the ava i l ab le  storage capacity of t he  computer. However, it w a s  

found possible t o  construct two master programs, A and B, prepared i n  the  

usual manner punched on I.B.M. cards, requir ing less than the avai lable  

storage space of t he  machine. 

carry out t he  following: 

The programA was so  constructed as t o  

1. 

2. 

3. 

4. 

t o  normalize the vectors a .  according t o  the  equation 
-1 

a .  S a .  = 6ij 
-1 - -J (39) 

t o  give m t r i c e s  J F, and K@ and Ki j  -7 - - t o  multiply gi with in t eg ra l s  Jij 

t o  evaluate matrices fl - and F@ - according t o  the equations 

H +  J -K?=F - - -  - 
and 

t o  punch out matrices f and e i n  the  binary form on I.B.M. cards 

which serve as the  input data f o r  program B. 

The program B uses the  matrices F and S as the input data together - - 
with a card which contains some instruct ions i n  the form of constants, 

which depend on the  order of the matrices. The program solves the eigen- 

vector equations 

(e - E.S)Ei = 0 

($ - = 0 

1- 
and 

1- 

both f o r  the E A 0  coe f f i c i en t s  and Ei values i n  a s ing le  run by the 

i t e r a t ion - ro t a t ion  process described i n  Appendices I and I1 , 
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The program B, a t  t he  end of every run, punches out the coeff ic ients  

S. and E both i n  the decimal form, f o r  comparison with the values of 
-1 i’ 

the previous run, and a l s o  i n  the  binary form. The a .  coeff ic ients ,  

punched out i n  the  binary form, serve as the input data f o r  the second 

run of the program A. Program A i n  r e tu rn  punches out matrices Fa - and 

F@ - which a r e  used as the  input data f o r  program B. 

till the required self-consistency is  obtained. In  a l l  about 13-20 

cycles, requir ing about 1/2 hour of computation on the machine, a r e  gen- 

e r a l l y  needed f o r  the self-consis tent  calculat ion of an electronic  state 

of a molecule. 

-1 

This is  continued 

The Scope and Use of the Program 

The program f o r  the calculat ion of molecular o r b i t a l s  i s  na tu ra l ly  

divided i n t o  two parts: 

(a)  evaluation of t he  matrices fl - and €@ - from the molecular i n t eg ra l s  

of Par t  I1 

(b) calculat ion of the ICAO MO’s and t h e i r  energy values. 

The program f o r  part A has been so constructed t h a t  it can be used 

f o r  t he  calculat ion of the matrices for t he  ground s t a t e  as we l l  as those 

f o r  the excited and ionic  states. In  f a c t ,  it can be used even f o r  doubly 

and t r i p l y  ionized states of molecules; a card has been mde i n  the  pro- 

g r a m  w i t h  t he  necessary instruct ions punched out i n  ce r t a in  locations,  

which can be modified so as t o  exclude the contributions t o  t h e  energy 

value from those o r b i t a l s ,  which r e m i n  unoccupied i n  any s t a t e  of t he  

molecule. 

19 



I 

Both the programs, A and B, are constructed, a t  the  present state, 

This i s  due t o  B t o  cope w i t h  the Fa! - and F - matrices up t o  the order 10. 

the f a c t  tht nearly every calculat ion i n  the molecular o r b i t a l  theory 

can be carr ied out w i t h  a matrix of the order less than 10, if  group 

representation is  taken i n t o  consideration. However, i f  it becomes 

necessary t o  use m t r i c e s  of the order higher than 10, the programs can be 

e a s i l y  modified. 

The programs a r e  a l s o  useful  i n  the  more accurate treatments of the 

such as the  configuration i n t e r -  wave functions of atoms and molecules; 

action, and the use of codetors ( l i n e a r  combinations of determinants), 

which involve the  use of equations of the type 

containing the u n i t  matrix - I. 
of equations (42), i n  which the  diagonal elements of the overlap matrix 

S a r e  uni ty  and the off-diagonal elements a r e  zero. 

The equations (43) a r e  a spec ia l  case 

- 

N - COMPIICATION OF WAVE FUNCTIONS 

The programs mentioned above have been applied t o  calculate  the 

electronic  wave functions and some properties of the following molecules: 

1. CO molecule (ground state) 

2. BH molecule (ground state) 

3.  37t 3, 3c and 1232; states of N2 molecule (excited s t a t e s )  
g’ u’ 

2 +  4. B xu and X of N i  .molecule (ionized s t a t e s )  . 
g 

The calculat ions a r e  now being extended t o  the ground, excited and ionized 

s t a t e s  of a number of other molecules and, a t  the same time, techniques 
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a r e  being developed t o  improve these wave functions. It i s  hoped t h a t  

these calculations,  a b r i e f  summary of which is  given i n  the  following 

sections,  w i l l  form the  bas i s  of fu r the r  work i n  t he  f ie ld  and i ts  

appl icat ion t o  other  problems of molecular physics and spectroscopy. 

THE STRUCTURE OF CARBON MONOXIDE 

The Molecular Orbi ta ls  of Carbon Monoxide 

The most p r a c t i c a l  form of expression of molecular o r b i t a l s  a t  

present i s  t o  use l i n e a r  combinations of atomic o r b i t a l s .  

i s  adopted here f o r  carbon monoxide (see ref. 6) ,  atomic o r b i t a l s  of t he  

S l a t e r  type being used f o r  carbon and oxygen, t he  only modification of 

the o r ig ina l  S l a t e r  functions being t o  form orthogonal functions from 

the Is and 2s o r b i t a l s .  This ensures that a l l  o r b i t a l s  on the  same 

atom a r e  orthogonal t o  each other. 

t h e i r  normalized form. The convention t o  be adopted for the s ign of the 

2pz o r b i t a l s  i s  t o  use the  oxygen nucleus as or igin,  t o  denote the O c  

This method 

All the  o r b i t a l s  w i l l  be taken i n  

a x i s  as the  pos i t i ve  d i r ec t ion  and t o  make t h e  p-orbi ta ls  posi t ive on 

the  side of increasing z. The atomic o r b i t a l s  of oxygen and carbon are 

distinguished by the suffixes o and c. 
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TABLE I. - MOLFCULAR ORBITALS OF sYMMmRY FOR I 

THE GROUND STATE OF CARBON MONOXIDE 

molecular 
o r b i t a l  

u5 

so 

t o  
* 
5 

- 

( 2 d 0  

-__ 

0.187 

0.7176 

0 675 

0.973 

(2s)c 

-- 

Q .6145 

-0.4926 

0.270 
I 
1 -0.971 

(*z)o 

-0.189 

-0.6065 

0.231 

1.0 17.613 

.. 

1.035 

The two most t i g h t l y  bound molecular o r b i t a l s  are taken t o  be the 

same as the  atomic o r b i t a l s  ( 1 ~ ) ~  and the  (Is) 

(negative) being 562.76 e V  and 308.53 eV. 

of o symmetry, viz. ( 2 ~ ) ~ ’  ( @ z ) o ,  ( 2 ~ ) ~  and ( 2 ~ ~ ) ~ ’  four orthogonal 

molecular o r b i t a l s  can be constructed. Those t h a t  s a t i s f y  most nearly 

the  equations f o r  t he  molecular o r b i t a l s  and give self-consis tent  r e s u l t s  

have the  l i n e a r  coef f ic ien ts  given i n  t ab le  I, the  nomenclature being 

t h a t  used by Mulliken. 

t h e i r  computed energies 

From the  four atomic o r b i t a l s  

C’ 

It i s  in s t ruc t ive  t o  examine the  d is t r ibu t ion  of t he  three  occupied 

molecular o rb i t a l s ,  which a re  given i n  f i g s .  1, 2 and 3. The most t i g h t l y  

bound one to, i s  concentrated mainly between the two nuclei  where the  poten- 

t i a l  f i e l d  i s  strong. The energy of bonding i s  accordingly large.  It i s  

evident from t h e  contours of equal density, p lo t ted  i n  the  figure, t h a t  

t he  grea te r  f i e l d  of the  oqygen pulls the  electron d i s t r ibu t ion  towards it. 

This represents a form of polarization, o r  induction. 

were equal, as i n  the  nitrogen molecule, t he  d is t r ibu t ion  would be symmetrical 

about t he  midplane. The asymmetry i n  the  CO molecule produces a s h i f t  towards 

t h e  oxygen and a t  the  same t i m e  there  i s  a d i s to r t ion  of t he  p t t e r n  near 

If the  two nuclei  

22  



~ 

FIG. I .-(tu) bonding molecular orbital of CO. ’, 

FIG. 2 . 4 ~ 0 )  non-bonding molecular orbital of CO. 

FIG. 3.-(uu) non-bonding molecular orbital of CO. 

*Figures  1-6 repr in ted  with the pe rmis s ion  of the Faraday Society. 
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t he  oxygen nucleus corresponding t o  a contraction of the  d i s t r i b u t i m ;  

there  i s  a corresponding expansion of the d i s t r ibu t ion  round the  carbon 

nucleus. 

The next o r b i t a l  in order of energy i s  the  so one and t h i s  i s  d is -  

t r ibu ted  mainly on the  reverse s ide  of t he  oxygen. 

ized oxygen atomic o rb i t a l ,  made up of (2s) 

from the  carbon, though polarized t o  some extent towards it. This dis-  

t r ibut ion,  which puts  a p a i r  of e lectrons away from the  carbon and so i n  

a region where t h e  f i e l d  i s  not so strong, i s  due t o  the  powerful influence 

of t h e  exclusion pr inciple ,  fo r  t he  o r b i t a l  must be orthogonal t o  the  t o  

o rb i t a l .  This important e f f ec t  i s  i l l u s t r a t e d  a l s o  i n  t h e  next o rb i t a l ,  

uo, which i s  mainly concentrated on the  side of t h e  carbon remote from the  

oxygen, f o r  it must be orthogonal t o  both t o  and so. 

This i s  l i k e  a loca l -  

and (2pz)o, directed away 
0 

W e  thus see that  when electrons a r e  assigned i n  pairs t o  the  0 orb i t -  

als i n  accordance w i t h  t he  exclusion pr inciple ,  they are d is t r ibu ted  mainly 

i n  three regions, v i z .  between the  nuclei ,  on the outer  s ide  of the  oxygen 

and on the  outer s ide  of the carbon respectively.  

There are two atomic o r b i t a l s  each of 2p and 2p symmetry and from 
X Y 

them two molecular o r b i t a l s  each of fl and fl symmetry a r e  derived. Those 

f o r  n a r e  given i n  t ab le  11, and the  coef f ic ien ts  f o r  fl are the  same. 

The bonding fix moleqular o r b i t a l  i s  shown i n  f i g .  4. 

seen t o  be mainly concentrated i n  t h e  neighborhood of the oxygen nucleus 

but  w i t h  some extension of t he  pa t te rn  i n  the  d i rec t ion  of the  carbon. 

as suggested by Mulliken, t he  electrons t o  be associated w i t h  each nucleus 

a r e  calculated from the squares of t he  coef f ic ien ts  given i n  t ab l e  11, 

X Y 

X Y 
The d is t r ibu t ion  i s  

If ,  
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allowing half  t he  overlap contribution t o  each, the  four  e lectrons 

assigned t o  the  fix and fi 

tween the  oxygen and the  carbon i n  the  r a t i o  of approximately three  

t o  one. 

o r b i t a l s  may be regarded as d is t r ibu ted  be- 
Y 

0.4162 

-0.9425 

The Electron Distribution i n  CO and C02 

The contours of t h e  t o t a l  e lectron densi ty  i n  CO are shown 

i n  Fig. 5 ,  these  being ob'tained by summing the  squares of t h e  occupied 

o r b i t a l s  uo, sa, ta  fi and fi A s imilar  diagram was constructed for 

Cog, based on Mulligan's calculat ions ( r e f .5  ) of the  occupied o rb i t a l s ,  

i n  order t o  f i n d  out what modification w a s  made i n  the  CO d i s t r ibu t ion  

by the removal of an oxygen atom. 

f o r  CO and CO 

ax is  i s  given i n  f i g .  6. 

p a i r  s ide of t h e  carbon atom, the  d i s t r ibu t ion  between the  carbon and 

7 x  Y' 

A comparison of the  electron densi ty  

as integrated over planes through points on the  nuclear 2 

It appears t h a t  t he  main e f f ec t  i s  on t h e  lone 

-15.969 

7.245 
- - i~ 

oxygen not being grea t ly  changed. 

carbon dioxide is, of course, symmetrical, t h a t  i n  carbon monoxide pro- 

Whereas the  d i s t r ibu t ion  round the  

j e c t s  out s l i gh t ly  on the  remote s ide of the  bond. 

TABLE 11.- MOLECULAR ORBITALS OF fiTr SYMMETRY 
A 

- 
molecular 

o r b i t a l  

0.8145 
- -  I 7c 

X 

fi* 
X I 0-631 

i-- - 2 - -  - 
. 

observed 

I -16.578 

This no doubt i s  the  major f ac to r  i n  contributing t o  t h e  dipole moment 

of t he  molecule. It means a l s o  t h a t  t h e  molecule i s  electron-r ich i n  
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FIG. 4.-A x-bonding molecular orbital of CO. 

FIG. 5.-The charge density contours of CO. 

FIG. 6.-The charge density at points along the nuclear axes for CO and COz. (The 
full line curve shows the charge distribution of the outer valence shell electrons of C02; 
the dotted line curve shows the charge distribution of the outer valence shell electrons 

of CO.) 
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t h a t  region and so i s  l i k e l y  t o  be a t t r ac t ed  t o  e lectronphi l ic  groups. 

This m y  f a c i l i t a t e  attaclmrent t o  other molecules and be a primary s t ep  

i n  the  formation of complexes as i n  t h e  carbonyl compounds. 

Electronic Structure  of BH 

This calculat ion presents the  SCF LCAO MO treatment of t h e  BH 

molecule ( ref. 

herent i n  t h e  theory have been applied.  

and B, have been car r ied  out t o  compute t h e  wave function, ionizat ion 

potent ia ls ,  t o t a l  energy, binding energy, and the  dipole moment of BH. 

I n  one of t he  treatments, ca l led  A, t he  interact ions of a l l  t h e  electrons 

have been included expl ic i t ly .  I n  the  second treatment, ca l led  B, t he  

inner s h e l l -  outer s h e l l  mixing i s  neglected but a l l  t h e  o r b i t a l s  a r e  

made orthogonal t o  one another and t o  the  inner she l l s .  This i s  done t o  

find'how far the  neglect of inner s h e l l  - outer s h e l l  mixing a f f e c t s  t he  

r e s u l t s  of t he  calculation. For i f  this mixing can be neglected, t h e  

eigenvector problem becomes simpler and the  evaluation of some of t he  

in tegra ls  i s  a l s o  not required. 

16 ) i n  which no approximations excepting those in-  

Two d i f f e ren t  treatments, A 

The wave functions of t he  BH molecule, calculated by both t h e  treat- 

ments, a r e  fur ther  u t i l i z e d  t o  calculate  the  t o t a l  energy, binding energy, 

dipole moment, and ionizat ion poten t ia l s  of the  molecule. A l l  t he  in te -  

g ra l s  used i n  these calculat ions have been computed a t  the  observed equi l i -  

b r i m  internuclear  separation, 1.2325 A (or 2.329 atomic un i t s ) ,  of BH. 

The electron d i s t r ibu t ion  analysis,  suggested by Mulliken, has a l s o  

0 

been car r ied  out t o  get intimate ins ight  i n t o  the d i s t r ibu t ion  of charges 

around and between t h e  nuclei ,  and t o  get  such information as the  degree 

of hybridization, and the  bonding or antibonding nature of M O ' s .  
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Atomic Orbitals and LCAO MO's of BH 

The molecular o r b i t a l s  of BH are b u i l t  up from the  S la t e r  AO's.  The 

notation b, s, and z i s  adopted f o r  t he  Is, 2s, and 2pz AO's of boron; 

h denotes the  Is A0 of hydrogen. 

internuclear  axis having the  boron nucleus as t h e  or igin,  and t h e  

pos i t ive  z di rec t ion  pointing toward the  hydrogen nucleus. 

The 2pz A0 i s  d i rec ted  along the  

The atomic o r b i t a l s  on each atom are normalized and mutually ortho- 

gonal except t h a t  t h e  nodeless 2s A0 i s  not orthogonal t o  Is. 

orthogonal 2s A0 is ,  therefore,  formed from the  Is and 2s AO's of boron. 

These normalized AO's a r e  then orthogonal t o  a l l  t he  o r b i t a l s  of t he  

same atom. 

The 

On inse r t ing  the necessary in tegra ls  the matrices S and H were 

determined for both the  treatments, A and B. 

matrix depend on t h e  undetermined coef f ic ien ts  a. and contain contribu- 

t i o n s  from a l l  t he  occupied o r b i t a l s  of the closed-shell  ground s t a t e .  

For BH, these  o r b i t a l s  a r e  here denoted by 0 0 and 0 

- - 
The elements of t he  G - 

-1 

3' 1, 2 

The self-consis tent  calculations,  A and B, were performed using pro- 

grams described before. 

eigenvectors a. and the  eigenvalues E gave the LCAO coef f ic ien ts  and 

the  LCAO o r b i t a l  energies which a r e  given i n  t a b l e I I I ( a ) f o r  treatment A 

and i n  tableITI(b)for  treatment B. 

After t he  self-consistency w a s  obtained the  

-1 i 
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TABLE I n  (a) 

LCAO MO s ** 
atomic units 

* 
0 

1.000 4(b)+0.017 7(~)+0.006 2(z)-0.007 l(h) 

-0.048 3(b)+0.558 3(s)+0.217 l(z)+0.481 4(h) 

-0.027 6(b)-O.799 9(~)+0.552 9(~)+0.446 6(h) 

Unoccupied orbitals 

-0.103 O(b) -0.906 4( S) -1.145 9 ( Z) +1.422 2(h) 

Unoccupied orbitals 

-0.109 6(b)-0.905 5(s)-1.146 1(z)+1.422 3(h) 

TABLE 111 (b) 

-0.037 o(b) +o .560 6( S) +o. 216 9 ( z  ) -1-0.479 5 (h) 

-7.699 7 

-0.646 6 

-0.346 8 

0.467 1 

-0.034 6(b) -0.799 5 (s) +O. 552 5 (z)  +O. 448 5(h) 

-7.696 3 

-0.647 7 

-0.346 8 

0.466 7 

**Al l  the MO' s in tableIII(a)andIII(b)satisfy the orthonormality condition. 

The Calculation of the Dipole Moment of BH 

The dipole moment was determined by finding the center of the charge 

for each molecular orbital using the well-known formula 
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The in tegra ls  were evaluated by using the  formulas given by Sahni ( r e f .6 ) .  

The dipole moment was ac tua l ly  computed from both the  or igins .  

of t he  dipole moment was found t o  be 0.389 ?ub(0.989 D) f o r  each of t he  

The value 

Calculation A 

Calculation B 

Observed value* 

treatments, A and B. 

-681.8 ev 

-681.7 ev 

-687.0 ev 
~~ ~ ~ 

TABLIE 1V. -  COMF'mISON OF CALCULATED AND OBSERVED TOTAL ENERGIES 

-. _- 

r a t i o  of computed 
t o  observed 

molecular energy 
.- - _ _  - - 

0.9924 

0.9923 

. -  

O b  
error 

0.76 

0.77 

~ 

- . -  - __ - 

*The observed value was-obtained by adding the  energy values of the  
s eparat  e 
energies 
by the  U. 

atoms and the  binding energy. 
of t he  atoms were taken from "Atom Energy Levels" 1949, published 
S.Dept. of Commerce, National Bureau of Standards. 

The experimental values f o r  the  

The Total  Energy of the  BH Molecule 

The t o t a l  energy w a s  calculated by using the  formula 

where E 

and 

i s  t h e  sum of the  o r b i t a l  energies of t h e  occupied o rb i t a l s ,  nn 

Zboron 'hydrogen 
H nn = S t n ( - $ A  - - r - r boron hydrogen 

The t o t a l  energies f o r  both the  treatments, A and B, are compared i n  

t a b l e  IV.  
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The Binding Energy of the BH Molecule 

For the comparison of the observed binding energy with the calculated 

one, we have calculated the energy of the boron atom, using the  same 

S l a t e r  A O ' s  as used for the  calculat ion of the energy value of BH. 

t o t a l  energy f o r  boron was found t o  be 

The 

E = -666.4 electron vol ts .  

The calculated binding'energy of the  BH molecule i s  given for both the 

calculat ions A and B, together with the  experimental value, i n  tab le  V. 

TABLE V. - CALClJLATED AND OBSERVED BINDING 

ENERGIES I N  ELFCTRON VOLTS 

Energy 
~- 

BH 

B 

R 

BH-B-H 
= binding energy 

Calculation A 
-_I_ 

-681.8 ev 

-666.4 ev 

- 13.6 ev 

- 1.8 ev 

Calculation B 
- 

-681.7 ev 

-666.4 ev 

- 13.6 ev 

- 1.7 ev 

Experimental* 
I______.- 

-2.6 ev 

- ~ - - -  

*Gaydon Dissociation Energies (Chapman and Hall, Ltd., London, 
1947), p. 205. 
as -3.44 ev. 
recommends a value of -(%Of 0.4) ev. 

Electron Distr ibut ion Analysis 

Gaydon gives t h e  maximum value of the binding energy 
He says the value is  probably much lower than t h i s  and 

If a normalized MO $ of a diatomic molecule i s  wri t ten as a l i n e a r  

combination of normalized A O ' s  $ and xs of the two respective atoms 

k and 1, 
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then the atomic population for atoms k and 1 is given by the following 

equations, respectively : 

NCZ + NC C S r s rs 

and 

NC; + NC C S r s rs 

where S is the overlap integral ssxsdT, N is the number of electrons 

in each MO, C and C are the LCAO coefficients. The overlap population 
rs 

r S 

is given by 2NCrCSSrs. 

The atomic population N(i,X) thu6 calculated is given in table VI. 

TABLE VI.- A0 POPULATTON N(i,X) IN BH 

1 0 

O2 

"3 

subtotals 

N(i,b) 

2.0006 

0,0010 

-0.0004 

2.0012 

- 

Ni, s )  

0.0005 

0.9252 

0.8786 

1.8043 

~ 

N(i,z) 
~~ 

0.0000 

0.2032 

0.8686 

1.0718 

r - ~. 

N(i,h) 

-0.0011 

0.8706 

0.2532 

1.1227 

2.8000 

2.0000 

6.0000 

S - p hybridization is 9.78'/0 

Ionized and Excited States of N2 Molecule 

Atomic Orbitals and LCAO MO's 

For the construction of LCAO MO's of different states of N2 

(ref.17) the Slater AO's were used. 
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I 

The atomic orbitals of each atm are normalized and mutually 

orthogonal to all the orbitals of the same atom. 

z, x, y is adopted for the nitrogen Is, 2s,  2pz, 2px, and 2p 

with n', s', z', x', y' for the corresponding orbitals of the second 

nitrogen atom. The 2pz orbitals are directed along the internuclear 

axis with the positive Z-directions towards each other. 

The notation n, s, 

orbitals 
Y 

Symmetry Orbitals 

From the 10 atomic orbitals 10 molecular orbitals were formed. 

The LCAO MO's were chosen so that they belonged in sets to irreducible 

representations of the symmetry group of N2. 

symmetry for these MO's, it was convenient to introduce symmetry orbitals. 

The symmetry orbitals of N2 were obtained from the atomic orbitals by the 

following transformation 

To obtain the proper 

- -  o = U x  (50 )  

where - cr represents symmetry orbitals 

- x represents atomic orbitals 

and is a real orthogonal matrix. 

The resulting symmetry orbitals and the irreducible representations 

Dmhto which they belong are given in table VII. of the symmetry group 

It should be noted that the symmetry orbitals are not normalized. 
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TABLE V I 1 . -  SYMMmRY ORBITALS OF N2 

0 
g 

B ls=-(n+n') 1 

0 2s=-(s+s') 1 

g 2  

g 2  

g 2  
1 

0 Q=-(z+z') 

Iymmetry 
species 

_. 

0 35 
U U 

0 ls=-(n-n') 1 35 Q=,(x+x') 1 

0 2s=-(s-s') 1 51 Q-(y+y') 

u 2  U 

1 
u 2  u 2  

- 

1 
u 2  0 2-p=-(z-z') 

_-__ ~- - _. 

There are 

35 
g 

I 
35 2p=-(x-x') 
g 2  

;hree 0 three B two 51 and two 51 symmetry orbitals. By 
g ' U' U g 

taking linear combinations of these orbitals, a like number of molecular 

orbitals of the same symmetry was formed. These MO's were related to 

the symmetry orbitals B by the transformation n 

which reduces to 

10 g = b 11 Og Is + b12 "g 2s + b13 og Qz 

20 = b 0 IS + b22 Bg2s + b23 og Qz 

3og = b31 ug IS + b32 Dg2s + b 
g 21 g 

33 "g 2pz 

and 

"u Qz 
10 = b44 oU Is + b 0 2s + b46 

20 = b 0 1s + b55 0 2s + b56 Du 2Pz 

U 45 lJ 

u 54 u U 

65 u 
3Ou = b64 Bu IS + b B 2s + b66 Bu 

51 and 35 each belong to a one-membered class. The LCAO coefficients for 
U g 
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such a c l a s s  are completely determined by the  normalization condition; 

thus i n  the present case the  fl M O ' s  are uniquely determined. 

Determination of LCAO MO's 

The LCAO M O ' s  of t h e  following states of N2 were constructed by 

assigning t h e  electrons t o  the  o r b i t a l s  i n  the  manner given i n  t ab le  VIII. 

Using Tables of Molecular In tegra ls  described before, - -  S, H and - G matrices 

were constructed. Two d i f f e ren t  treatments were carr ied out t o  obtain 

t h e  fl Or ' matrix. 

a o r  B treatment, t h e  J and K 

using equations (28a) and (28b). 

I n  one of t h e  treatments ca l led  the  generalized 

elements of t he  matrix were calculated 
P9 P9 

I n  the  second treatment cal led the  

r e s t r i c t e d  treatment, t h e  a .  for t he  f3 o r b i t a l s  were taken t o  be the  

same as those for t he  a o r b i t a l s  t o  ca lcu la te  t h e ?  

fl Or ' matrix. 

using program described above. 

-1 

and K a Or 9 f o r  m - P9 
The LCAO M O ' s  and o r b i t a l s  energies were then calculated 

c 

Observed equilibrium 
Internuclear  distances 

1.094 A 
____ 1. Ground Sta te  

$-% 
2. Ionized S ta t e s  (N;) 

U 

3. Excited S ta tes  
r 

B 'fl 

3 c f l  
g 

U 

4. Excited S ta tes  

*k+ 

1.116 A 

1.2123 A 

1.1482 A 

1.293 A 

(1.28 A) 
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4- 
B 

U 

3 B f l  
g 

3 c f l  
U 

A 'x. 
U 

a 

B 

a 

B 

a 

B 

a 

B 

cy 

B 

a 

a 
1 +  5 

B 

TABLE VIII. - OCCUPIED LCAO MO' s OF 

D I F F E E E "  STATES OF N2 

( G e n e r a l i z e d  T r e a t m e n t )  

x. x x x x  

x x --- x x  
.- 

X X X X X 

x x  X 

X x x  x x  

X x --- x X 
~ .- - 

x x  X x x  

x x x  X 

X X X X 

X X X X 

._ 
~~ 

X 

X 

X 

X 

- -  

x x  X X X 

x x  x x  X 
~ 

X 

X 

X 

X 

X 

X 

_ _  
X X 

X 
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The Total  Ehergy of Different S ta tes  of N2 

The t o t a l  energy f o r  each of t he  states w a s  calculated by using 

the  equation 

i s  the  sum of the  o r b i t a l  energies of the  o r b i t a l s  occupied Erin 
by a electrons,and 

or 

H nn 

F 

= 1 a.ni anj hij 

i j  

z H n n  = 1 hij(% ani a n j  
n i j  

E and H have the  same meaning f o r  t he  o r b i t a l s  occupied by f3 mm m 

(53 ) 

(54) 

electrons,  as E and H for t he  o r b i t a l s  occupied by a electrons.  nn nn 

The calculated t o t a l  energies for t he  Xk+and Bk+ionized  s t a t e s  

+ of N2 a r e  given i n  t ab le  I X ( a )  . The difference between the  calculated 

energies of t he  ionized states and t h a t  of t he  ground state X' * of N2 

are given i n  t ab le  IX(b) along with the  experimental ionizat ion poten t ia l s  

(ref.18) and the  ionizat ion energies obtained from the  calculat ion of the 

ground state ( x \ 5 + )  of N2 Molecule. 

5 

The energy of an excited state i s  calculated by f inding the  d i f f e r -  

ence between the  energy of t he  excited o r b i t a l s  and t h e  energy of t he  or ig ina l  

o rb i t a l ,  from which t h e  electron i s  excited, of t h e  ground state. The ener- 

g ies  of the  excited states C JI 
3 3 B fl thus calculated, are given i n  t ab le  X 
u' g 
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3 along with the  experimental values ( re f  .18) and the  energies of A E + 

and 

(ref.22).  

U 

a r e  given i n  tab le  XI ,  along with the  experimental values 

Restricted 
Treatment 

Generalized 
Treatment 

TABLE Ix(a>. - TOTAL EKERGIES* OF x'-.-.+ x2L AND 
g 7  g 

-108.571 

-108.571 

+ STATES OF N2 BE 
U 

- E  
Eground . ionic  

Restricted Generalized 
Treatment Treatment 

Calculation f r o m  the  
ground s t a t e  wave 

function 

-108.8261 

-107.8262 

l B 2 5 j  -20.267 e.v.1 -20.267 e.v. 

-108 A507 

-19.868 e.v. 

* I n  atomic uni t s  (1 atomic uni t  = 27.204 e.v.) 

-t 

TABLE IX(b) . - IONIZATION POTEXTIALS 
2 +  2 +  OF X E. B STATES OF N2 

g7 u 

-14.399 e.v. -14.154 e.v. -14.807 e.v. 

Ekperimental 1 values 

T 

-18.72 e.v. 

-15.602 e.v J 
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I 

TABLE X.- EXCITATION ENERGIES OF C3fiu AND 

3 B JI STATES OF N2 
g 

Calculations from t h e  
wave function of 

3 3 C fi and B JI Sta tes  
U g 

- .  

( Generaliz ed) 

10.958 e.v. 

7.306 e.v. 

- -~ . 

(Restr ic ted)  
-~ . _  - ~~ 

10.976 e.v. 

7.131 e.v. 

Experimental 
values 

11.049 e.v. 

7.390 e.v. 

TABLE X I .  - EXCITAlcION ENERGIES OF 

A < and STATES OF N2 

Calculations from the  wave 
function of 

A 3 Eu -+ and ',3zu s t a t e s  

Generalized 

6.953 e.v. 

8.150 e.v. 

t es t r ic ted  
-~ .. - 

7.056 e.v. 

8.255 e.v. 

Experimental 
values 

6.223 e.v. 

7.437 e.v. 

Discussion of the Results 

The r e s u l t s  of t he  above calculat ion of t h e  d i f f e ren t  s t a t e s  of N2 

show t h a t  t he  LCAO MO method gives t h e  r e s u l t s  of the same order of 

accuracy for t h e  exci ted and ionized states as t h a t  for t he  ground state 

of molecules. 

generalized and r e s t r i c t e d  treatments give nearly the  same results f o r  

It i s  fu r the r  apparent from t he  calculat ions t h a t  both t h e  
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both the ionized and exci ted s t a t e s .  Since the calculat ions have been 

ca r r i ed  out f o r  both g and u s t a t e s ,  it appears the method holds f o r  the 

states (ground, ionized and excited s t a t e s )  of molecules which can be 

represented by a s ing le  determinant. This is  the  f irst  calculat ion 

where the quantum mechanical treatment of ionized and excited s t a t e s  has 

been ca r r i ed  out without using any approximtions,  within the rigorous 

framework of t he  LCAO SCF MO theory. 

w i l l  form the  basis of the much needed work on the ionized and excited 

s t a t e s  of molecules. 

It is  hoped t h a t  t h i s  calculat ion 
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APPENDIX I 

"€33 DIAGONALIZATION OF MATRICES 

The i t e r a t ion - ro t a t ion  method f o r  the diagonalization of a matrix 

i s  based on the  f a c t ,  t h a t  by an orthogonal t r a n s f o m t i o n  from variables  

x, y t o  var iables  x ' ,  y', which can be described i n  the forms 

* 

cos 8 s i n  8 

cos 8 

X 

Y 

One can express the quadratic form 

2 ax2 t 2hxy t by = 0 

as a sum of squares 

12 12 Ax + b y  = o  

8 is  chosen such t h a t  

t a n  28 = 2h (a - b ) - l  

where h i s  the  l a r g e s t  off-diagonal element, a and b being the corres- 

ponding diagonal elements. 

For example, i f  one takes the 

A =  I 2.879 -0.84 

matrix, 

-0.148 0.506 

-0.841 3.369 -0.111 0.380 

-0.148 -0.111 1.216 -0.740 

0.506 0.380 -0.740 3.536 

h = -0.841, 

( 5 5 )  

(57) 

(58) 

-2 x 0.841 
tan 28 = 2.879 - 3.369; 
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and To = 

-1 
8 then t h e  element i n  T A To (=Al) corresponding t o  -0.841 w i l l  be zero. 

The matrix, 4, thus obtained, i s  again subjected t o  a similar 

cos 0 s i n  0 0 0 

-s in  0 cos 0 0 0 

0 0 1 0  
0 0 0 1  

operation T-l A T f o r  i t s  l a r g e s t  off-diagonal element h. pr 1pr 
When a l l  the  off-diagonal elements a re  reduced t o  zero, or t o  

negl igibly s m a l l  values, the f i n a l  matrix w i l l  take t h e  following 

T = -1 
T~ *n-1 

form 

4.005 0.0 0.0 0.0 

0.0 4.000 0.0 0.0 

0.0 0.0 1.005 0.0 

0.0 0.0 0.0 1.990 

suggesting t h a t  t h e  charac te r i s t ic  roots,  which a r e  invariant  under the  

above orthogonal transfoirnations a r e  approximately 4.005, 4.000, 1.005 

and 1.990. 

42 



APPENDIX I1 

EQUIVALENT FORMS OF MO EQLATIONS 

The molecular o r b i t a l  equations 

(F_ - ES) - si = 0 

can be obtained i n  the following equivalent forms, 

(F, - €5) a .  
-1 

-1 = (E - ET 
I L T) 

(59)  

where L and - I a r e  the diagonal and u n i t  matrices. - 
Equations (61) a r e  obtained from equations (60) by replacing - S by 

i t s  equivalent 

- S T'l - L T (64) 

where L i s  t h e  diagonal matrix obtained from - s by the i t e r a t ion - ro t a t ion  

process described i n  Appendix I. 

- 

1 

The m t r i x  B (= L T F T-l L-1/2 - €1) - of equations (63) i s  a l s o  

diagonalized by the  i t e r a t ion - ro t a t ion  process using the transformation 

The elements of the diagonal matrix B, thus obtained, w i l l  give the 

ionization po ten t i a l s  ( r e f e r  t o  Appendix I) while t he  vectors 

give the  coe f f i c i en t s  for t h e  LCAO MO's. 
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I I I I1 1 1 1  I I I I I II I I I .  

APPENDIX I11 

SAMPLE PAGE FROM TABLE I ( b )  - SUPPLEMENT I 

o - N ~ *  m a ~ - m m  O - N ~ *  m a r - m m  O - N ~ U  m a r - m m  0 d ~ m - t  m - ~ - m m  o - ~ m t  ............................................. 
m m m m m  m m l n m m  m m a a a  Q Q Q Q Q  rrr-rr rrrr-r m m m o m  o m m m m  m m m m m  
NNNNN NNNNN NNNNN NNNNN NNNNN NNNNN NNNNN NNNNN NNNNN 

m a r - m u .  ..... 
m o . m m m  
NNNNN 

..... 
r r - r r a  

m VIm 

"-mVImVI 

!!!!! 

m"" 
!!I!! 
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